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A model for the transport of charged particles in a random magnetic field 
is a Volterra integrodifferential equation with a long-range kernel. The integro- 
differential equation is solved numerically with the method of Bellman, Kalaba, 
and Lockett (“Numerical Inversion of the Laplace Transform,” Elsevier, New 
York, 1966). The results are shown to be in excellent agreement with analytical 
asymptotic results. 
I. INTRODUCTION 
In a previous paper, we have showed that the transport of charged particles 
in a turbulent plasma, such as the cosmic rays in the interplanetary solar 
* Work sponsored by the National Science Foundation under Grant NSF GP 
3368X. 
t Work supported by the National Aeronautics and Space Administration under 
Contract NAS5-23020. 
786 
Copyrighf Q 1973 by Academic Press, Inc. 
All rights of reproduction in any form reserved. 
CHARGED PARTICLES IN A RANDOM MAGNETIC FIELD 787 
wind or the interstellar gas, is described by the following pair of coupled 
equations: 
g+aV.+o (l-1) 
and 
g + d2 * c$ = -(~q)~ 1’ dAK(c, A) * $i(r - A) - f &I, (1.2) 
0 
where I is the omnidirectional intensity given in terms of the cosmic ray 
distribution function f, by 
I = p2 j” d2pf, (1.3) 
and where 4 is the flux given by 
+ = p2 j- d’pif- (1.4) 
The integrations in Eqs. (1.3) and (1.4) are carried out over all directions of 
momentum so that I and + remain differential functions of the momentum 
magnitude p. All quantities in Eqs. (1.1) and (1.2) are dimensionless. The 
parameters u and (~7)” are considered small, while E = O(1). The details of 
the derivation of these equations and the conditions under which they are 
applicable are given in Klimas and Sandri [l]. 
The tensor kernel K(E, h) is computed directly from the two-point correla- 
tion function or, equivalently, the power spectrum associated with the random 
magnetic field. In general, K(e, X) is a long-ranged function of X whose 
envelope decays basically as l/A for large X. In this paper, we present several 
techniques which we have developed for solving a scalar model of the flux 
equation with long-ranged kernel. 
II. THE MODEL FLUX EQUATION 
In order to study the cosmic ray flux equation presented in Section I, we 
have constructed the scalar model 
dF 
-Jr=- 0 s 
t dhK(h) F(f - A) - o(t). (2.1) 
The source o(t) represents the density gradient term. For the kernel K(X), we 
choose 
K(h) = l/(1 + X). (2.2) 
788 a4moN et al. 
Thus, the full complexity of the flux equation due to its vector form and also 
due to its very complicated kernel is eliminated, but the long range of the 
kernel which leads to the failure of the adiabatic approximation is maintained. 
Here, the parameter t: plays the role of the small parameter (~7)s in the flux 
equation. 
In this section, we present a number of both numerical and analytical 
techniques for solving Eq. (2.1). First, we study the homogeneous solutions 
with u = 0, and then present the inhomogeneous solutions. 
(a) The Homogeneous Solution 
In part (b) below we will show that the solution for F(t) with u # 0 can 
be simply related to the homogeneous solution h(t). Thus, in this part, we 
study the homogeneous solution. 
(i) Numerical Laplace Transform Inversion 
Since the integral term in Equation (2.1) is in convolution form, the equa- 
tion can be readily Laplace transformed to 
Thus, 
uJE(w) - F(O) = -&(w)P(w) - q.0). (2.3) 
&J) = (1 - +)>)/(w + &w)), (2.4) 
where we have arbitrarily set F(0) = 1. The Laplace-transformed kernel 
is given by 
&JJ> = @%b), (2.5) 
where Ei(w) is the exponential integral 
P-6) 
El(w) is analytic over the entire complex w-plane, except along the negative 
real axis where it has a branch line. 
We have found h(t) by numerically invertingP(w), given in Eq. (2.4), with 
6 = 0 using the inversion scheme of Bellman, Kalaba, and Lockett [2] with 
polynomial approximations to E,(w) given by Abramowitz [3]. In this 
section, we will consider several qualitative features of the numerical solu- 
tions which must be found in our further approximate analytical solutions 
presented in the following sections. Before going on, we note that this 
numerical Laplace inversion technique is one of the more promising techni- 
ques for solving the cosmic ray flux equation. 
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In Fig. 1, we have plotted h(t) versus time up to times of the order of 
several times l/e for E = 10-5. The small scatter of the points about a smooth 
curve is due to error in the inversion scheme. Although it is not apparent 
from these plots, the curve starts out with zero slope at zero time. In Fig. 2, 
we show that the initial fast decay of h(t) can be reasonably well approximated 
by 
h(t) = e-tit, (2.7) 
where w = E ln(l/c) = E ( In E / . Thus, h(t) re p resents, initially, approximately 
a Markovian process. For larger times, however, h(s) undershoots the zero 
axis but then approaches zero asymptotically for times N l/e and greater. 
a=10-5,a.0 
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FIG. 1. The model equation homogeneous solution from the numerical Laplace 
transform inversion method. In this example, l = loss. 
The approach to zero is plotted in Fig. 3. We see that the approach to zero 
is slow and can be roughly fit by a power-law dependence on time with the 
exponent varying between - 1 and -2. Although this fit is poor, it definitely 
rules out a faster, i.e., exponential, decay to zero. The solution for large times 
is definitely non-Markovian. We note that the maximum negative value of 
h(t) decreases with E and that this value is O(a) where CL = l/l In E 1 . There 
appears to be only one crossing of the zero axis which occurs at a time which is 
several times l/w. Although we do not present the results, here, we have 
found that, for E N 1, after the initial fast decay, h(t) oscillates about the zero 
axis with amplitude decreasing with time. 
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FIG. 2. The initial rapid decay of the homogeneous solution, shown by the small 
circles, is compared to an exponential decay with decay time l/e] ln c /. In this example, 
c = 10-S. 
TIME 
FIG. 3. The slow decay of the homogeneous solution for large times is compared 
to a power law decay. Note that --h(t) is plotted. In this example, P = lo+, 
By integrating Eq. (2.1), we are able to put it in the renewal equation form, 
h(t) = 1 - E 
s 
t A ln(1 + t - A) h(X) (2.8) 
0 
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with u = 0. We have used this form of our model equation to verify the 
numerical Laplace inversion solution by numerically substituting this solution 
into the right-hand side of Eq. (2.8) and integrating to find its first iteration. 
There functions are plotted in Fig. 4. The excellent agreement between 
these two curves leads us to conclude that the numerical Laplace inversion 
technique has produced an accurate solution. 
-.2’ I I I , 8 
0 .25x10’ .5X10’ .75x104 IO’ 1.25X10’ 1.5X10’ 1.75X10’ 2x10’ 
TIME 
FIG. 4. The homogeneous model equation solution from the numerical Laplace 
transform inversion (points) is compared to its first iteration (continuous curve) for 
6 = 10-4. 
(ii) Analytical Laplace Transform Inversion 
We have obtained an approximate expression for h(t) valid for small E, 
using contour integration to invert the Laplace transform of Eq. (2.4). We 
find 
h(t) = e”lt(l - w1 - l /CI$’ + ewat(l - ws - ~/wa)-l + I(t). (2.9) 
The first two terms are due to the residue from a pair of poles located at w1 
and ws = wl*, and I(t) represents the contribution to h(t) from the branch 
cut along the negative real axis. The poles are determined by the dispersion 
relationship 
w + dqco) = 0 (2.10) 
and are given by 
co1 7 - e ln( l/6) e--ili/(lnllr) (2.11) 
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and 
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w2 = WI*. 
The contribution from the branch cut is 
I(t) = - e jaw dxe-(l+t)z[(g(r, 3))” + &&-2$]-1, 
where 
g(c,x)=x+re-” lnx+y+nzl& 1 .I 
= x + ce-” [In x + y + loz A (y)] 
I(t) has asymptotic properties 
and 
(t fixed) (2.15) 
40 F - l/~t(ln t)2 (C fixed small). (2.16) 
This solution for h(t) has the following qualitative features: Initially, h(t) 
decays exponentially with decay time S- = l/e 1 In E ( . Thus, the non- 
Markovian features of the exact solution are lost in this time domain. How- 
ever, we have seen in Fig. 2 that this exponential decay is a reasonable 
approximation, For t = 0(1/e), h(t) is dominated by the branch-cut con- 
tribution which is, in addition, well approximated by its large t-asymptotic 
form given in Eq. (2.16). 
Because of the complicated nature of the kernel in the cosmic ray flux 
equation, this technique would probably not prove useful in solving the flux 
equation. However, in our study of the model equation, it does give us our 
study of the model equation, it does give us our first indication of the true 
nature of the long negative tail of h(t). We see that the decay to zero is not 
truly a power-law decay but that over a not too large time span it might 
appear somewhat like a power-law decay with exponent somewhat larger (in a 
negative sense) than -1. This result is in agreement with our discussion of 
Fig. 3 in the preceding section. 
(iii) Uniform Asymptotic Expansion from Adiabatic Kernel 
We have obtained an approximate solution to the renewal form, Eq. (2.8), 
by assuming an adiabatic approximation to the kernel. Thus, we set 
(2.12) 
(2.13) 
(2.14) 
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ln(l + t - h) N_ In( 1 + t) f or all A over which the integrand is nonzero. 
Thus, we obtain an exact solution to 
hR(t) = 1 - E ln(l + t) 1” &h,(h). (2.17) 
0 
In addition, we have proved that 
h(t) = hJ&) + O@) (2.18) 
uniformly in t, where 
6=InIln~)/]ln~I. (2.19) 
The solution of Eq. (2.17) is obtained as follows. First, we differentiate 
Eq. (2.17) to obtain 
AR(t) + 6 ln(l + t) hR(t) = - (1 ; t) .r 
t d&&i); o 
but, from Eq. (2.17), 
s 
t d&(X) = ’ - hR 
0 Eln(l + t)’ 
Therefore, 
hR + E In(1 + t) h, = (hR - I)/[(1 + t) In(1 + t)]. 
We have solved this equation exactly, subject to the condition hR(0) 
have put the solution in the form 
I 
1+t 
AR(t) = 1 _ E ln(l + t) e-E[(l+l)ln(l+t)-(l+t)l . &e &0-A 
1 
In addition, we have shown that 
AR(t) 7 - l/ct(ln t)2, 
= 
(2.20) 
(2.21) 
(2.22) 
= 1, and 
(2.23) 
(2.24) 
in agreement with the results of the previous section. In Fig. 5, hR(t) is 
plotted and compared to the numerical Laplace transform inversion results 
for E = 10U5. In general, the agreement between these two approaches is 
excellent. 
In the final section of this report, when we study the inhomogeneous model 
equation, we shall see that the nature of the decay of the tail of h(t) is very 
important. Accordingly, we have plotted hR(t) for large t in Fig. 6 and com- 
pared it with the asymptotic expression given by Eq. (2.24). From this 
figure, we see that the large-time behavior predicted by us is verified. 
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FIG. 5. The homogeneous solution hi (continuous curve) is compared to the 
numerical Laplace transform inversion results (points) for l = 10es. 
h,(t) 
10-s 
I 
TIME 
FIG. 6. The slow decay of IQ(~) for large times is compared with the asymptotic 
expression of equation (2.24) for E = IO-‘. Note that -hi is plotted. 
(iv) Uniform Asymptotic Expansion from Method of Extension 
Using the method of extension [4, 5, 61, we have obtained a uniform 
asymptotic expansion of h(t) to first order in OL = l/l In E 1 . This solution can 
be written 
h(t) = &l(t) + 4(t), (2.25) 
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where 
with 
and where 
h,(t) = e-c”(t) (2.26) 
q(t) = (1 + t) ln(1 + t) - t (2.27) 
with 
w=eIlneI. (2.29) 
The interesting point in this solution is that the tail of h(t) is seen to be 
contained in the O(a) correction to h,(t) while b(t) contains the initial decay 
of the solution. Notice also that, for t = T/E ( In E ] where T = O(l), we have 
h,(7) N ev7. 
With this Markovian approximation to /Z,(T), h,(7) is given by 
(2.30) 
/Z,(T) = -e-T 6 dA iA ds [%I , 
which can be evaluated analytically to obtain 
h,(7) = -7e-T[l$(T) - y - In 7-I - e+(l + T) + 1, 
where y is Euler’s constant and where 
(2.32) 
E,(T) = -4 [&(--7 + io) + E,(--7 - io)]. 
For large 7, we find 
h,(T) - r l/T* 
Since h&T) decays exponentially with 7 for large 7, we can write 
(2.33) 
h(t) z c&,(t) N l/[e 1 In E I2 t], (2.34) 
which compares favorably with Eq. (2.24) for t N l/c. 
This Markovian approximation to h,(t) gives us a reasonably accurate 
picture of the homogeneous solution. However, to compare this result with 
the numerical Laplace transform inversion results, we have computed h(t) 
numerically from Eqs. (2.25) to (2.29). The exceptional agreement between 
these two techniques is demonstrated in Fig. 7 for E = 1O-6. With the correct 
h,(t), the asymptotic behavior of h,(t) is difficult to ascertain analytically. 
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FIG. 7. The homogeneous model equation solution from the method of extension 
(continuous curve) is compared with the numerical Laplace transform inversion 
results. In this example, l = 1O-5. 
IO- 
h(t) 
TIME 
FIG. 8. The slow decay of the homogeneous solution for large times from the 
method of extension is compared to the asymptotic expression given by Eq. (2.24) 
for l = 10-4. 
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However, we have studied h(t) N c&,(t) for large t numerically. In Fig. 8, 
h(t) from the extension method is compared with the asymptotic expression 
for hR(t) given by Eq. (2.24). Although there is an overall shift in magnitude 
(which is, incidentally, in the direction of a better fit to the numerical Laplace 
transform inversion method), the decay of h(t) from extension is essentially 
the same as that of hR(t). 
(b) The Inhomogeneous Solution 
In the diffusion limit, when 01 Q (~7)~ in the cosmic ray flux equation, we 
expect the flux to adjust rapidly to a quasisteady state which is dictated by 
the slowly varying VI term. It is this final state of the flux which we wish to 
determine in order to find the transport properties of I. In our model equa- 
tion, the source u(t) plays the role of the VI term in the flux equation. We 
wish to determine the inhomogeneous solution F(t) with t; but, in particular, 
we wish to find the final state F(t) with u(t) = u = constant. 
We, thus, want to solve the linear inhomogeneous equation 
P(t) = --E j” dAK(h)F(t - A) - u 
0 
with initial condition 
F(O) = 1. 
(2.36) 
(2.37) 
IO 
Bi 
E'lo-5, (r:Io-5 
.8 
-.2 
0 .25Xld .5X10S .7Wld IO” 1.25X10” I.5x10s 1.75xlos 2x10’ 
TIME 
FIG. 9. The zeroth order, inhomogeneous model equation solution is compared 
with the numerical Laplace transform inversion solution for B = lOAS. 
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A typical result for the inhomogeneous equation, obtained with the 
Bellman-Kalabe-Lockett method, is shown in Fig. 9. Asymptotic analysis 
based on (2.36) corroborates these results just as well as those for the homo- 
geneous equation. 
In conclusion, we have used numerical and analytical approximation 
techniques for obtaining solutions to our model cosmic ray flux equation, and 
we have demonstrated that the various techniques are in good agreement 
with each other. Thus, the Bellman-Kalaba-Lockett technique applies to 
our long-ranged kernel just as well as to the more commonly found short- 
ranged kernels. 
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